
Definition

A sequence (ful
offunctions on ACIR to IR

converges uniformly too on A of for any 230,

there exists N==Nis, such that for any n3N

for any XEA, Ifuxs -fexs/< E.

Lemma

A sequence (ful offunctions on ACIR to IR does

not converges uniformlyof on A it and only if

there exists do so, a subsequence (full of

Ifu) and asequence (R) inAsuch that

Ifup(X) - fexpi) > So for any R.



Example 1.

fax) =1, A =To, 1.

(ful converges uniformlyto 0 on [0,11.

Pf:Fix 9s0. By AP, there exists some N such

thatit < 3. For my nYN, for any x=[0,11,

Ifuxs - 01:(= 4 < N,

Hence, (ful converges uniformlyto 0 on [0,11.

Example 2.

fax) =Y, A =1R.

fu does not converge uniformly to any on IR.

Pf:Since (ful converges pointwisely to 0 on IR, i.e.,

for any NEIR, fuix) -> 0 as n +0.

If (ful converges uniformy to f on IR, then

f =0.

Take 30=1, p =k, k =k

Then Ifanl*)- 01 =(aks) =1 I.
Hence, Iful does not converge uniformly to 0 on IR.



Example 3.

fux) =M, A =Co, 11.

(ful does not converge uniformly to any on to. 1.

Pf:Since to converges pointwisely to f where

fix=)*"itmattices to show

In does notconverge uniformly to f on

To, .

Let go-I, 4p =k, xp =(t).

Then Hrp* - fixes) =I(*)R- 01 = > i
↓

Hence (ful does notconverges uniformlyto

f on to, 11.

Example 4.

fux) =xC1-x), A =[0,1.

(f) converges uniformly to 0 on 10.11.



Pf:Fix E30.

There exists some
New such that(1-2)*s3.

For any
nSN, for any xet0,11, ifx < 1-2,

than Huss-ol x"< 1-4a G.

If x > 1-5, then

Hax) - 0) < 1 - x <1- (1-2) =E.

Hence, (ful converges uniformly to 0 on to,

Proposition
Let(fu), (n) be

sequences of
bounded functions

thatconverge uniformlyto fig on A.

Then Hugh) converges uniformlyto by or A.

Pf:Step 1:

E M such thatIful, 1941, 11,191 cm for
any n.

Pfi Suppose Iful <Mn.

By Cauchy Criterion for uniform convergence,

I NE sotfor any n3N, for any x5A,

In(x) -firxi) < 1 andIfixs -fixs)< 1.



By triangle inequality,

Ifexs), Ifuxs1<IfMiv for all MSN, xEA.
LetM =maxYM,

,
. .

., Mov, Mir+17
Then Iful. ISM for any n.

The same for g.

Step2:

Fix E>0.

Take Nex setfor anynSN, x =A,

Husxs -tex/<n, Iguixs-foxs/m.
Them

Inexignix- fexg(x) -/(fuxs -f(xs)quixs+fix, (quix-gaxi) (
> Ifux) - fixs/190xx) + (f(xs//9nx-g(x,)

a M+M-
=E.

Hence, Angus converges to by uniformly on A.


